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1 Heyting Duality

Pairs of “equivalent” concepts or phenomena are ubiquitous in mathematics, and
dualities relate such two different, even opposing concepts. Stone’s Representa-
tion theorem (1936), due to Marshall Stone, states the duality between Boolean
algebras and topological spaces. It shows that, for classical propositional logic,
the Lindenbaum-Tarski algebra of a set of propositions is isomorphic to the clopen
subsets of the set of its valuations, thereby exposing an algebraic viewpoint on
logic.

In this essay, we consider the case for intuitionistic propositional logic, that
is, a duality result for Heyting algebras. It borrows heavily from an exposition of
Stone and Heyting duality by van Schijndel and Landsman [2017]].

1.1 Preliminaries

Definition (Lattice). A lattice is a poset which admits all finite meets and joins.
Categorically, it is a (0, 1) — category (or a thin category) with all finite limits and
finite colimits. Alternatively, a lattice is an algebraic structure in the signature
(A, V,0,1) that satisfies the following axioms.

e A and v are each idempotent, commutative, and associative with respective
identities 1 and 0.

e the absorption laws,x V (x Ay) = x, andx A (x V i) = x.

Definition (Distributive lattice). A distributive lattice is a lattice in which »n and
v distribute over each other, that is, the following distributivity axioms are satisfied.
Categorically, this makes it a distributive category.



exVWAzZ)=(xVYy A(XVz)
exAN(YyVz)=xAYy)V(XxAz)

Definition (Complements in a lattice). A complement of an element x of a lattice
is an element y such that,x Ay = 0 and xVy = 1. Complements need not be unique.
If it is unique, we denote the complement of x by —x.

Definition (Boolean algebra). A Boolean algebra ‘B is a distributive lattice with
unique complements.

1.2 Stone Duality

We first state the Stone Representation Theorem, which establishes the duality of
Boolean algebras and Stone spaces.

Definition (Stone space). A topological space (X, T) is totally disconnected if T
has a basis of clopen sets. A Stone space is a totally disconnected compact Hausdorff
space.

Definition (PF). For £ a bounded distributive lattice, let PF (L) be the set of prime
filters. Fora € L, we define

F: 2 — PF(Q)
a—F ={PePF) |aeP}

Note that PF(L) is a also a poset in its own right, with respect to inclusion. It is easy
to check that it is also a bounded distributive lattice.

Definition (Cl). For X a topological space, let CI(X) be the set of clopen sets of X.
Definition (CU). For X a topological space, let CU(X) the set of clopen up-sets of

X, ordered by inclusion.

Lemma. The map F : & — PF(L) is a homomorphism. It preserves joins, meets, 0,
1, and complements.

Proof. F, = @ because no prime filter contains 0. F; = PF(L) because every
prime filter contains 1. F, U F, C F,,;, because filters are up-sets and a € P or
b € P impliesa V b € P. Moreover, F,,, € F, U F, because P € F,, is prime,
hencea V b € P impliesa € P or b € P. The case for meets follows dually because
filters are closed under finite meets, and are up-sets.

2



If € has complements, we want to prove that =F, = F, = F__. Since P € PF(%)
is proper, it cannot contain both a and —a. Since P is prime, and hence an ultrafilter
(using the ultrafilter lemma), it contains either a or —a. This means that the set

of prime filters containing —a is precisely the set of prime filters not containing
a. O

Definition (Topology t on PF(L)). We equip PF(L) with a topology T as follows.
Fora,b € £, letS = {F,|a€ L} U{F, | be L} be a subbasis. Then T =
{F,NF, | a,be}isabasis of T.

Lemma. If € is a distributive lattice, then PF(L) is a Stone space.

Proof. Let A bein T, the basis of 7, there are a,b € € such that A = F, N Fé. Since
A is in the basis of 7, A is open. Now, A" = (F, N F;)’ = F, U F, by de Morgan’s
laws. Since F, and F), are in the basis, their union A’ is open, so A is closed.

Let P, Q be prime filters with P # Q. Then either PZ QorQ € P. If P £ Q,
thereisana € L witha € Panda ¢ Q,so P € F, and Q € F,. Since P and Q are
separated by disjoint open sets, PF(£) is Hausdorff.

To show that PF(L) is compact, we need to show that any open cover 7/
of PF(2) has a finite subcover. If U € 7%, then U = |, ,c4 { F, N F, }, for some
A C £. Since % is a cover, for fixed A;, A, C A,

PR c | JiF,nF) e [ JIF U (R

a,beA a€A; acA,

which is also an open cover of PF(£). Hence, (,ca, Fjy € U,eq, Fo-

Let I be the ideal generated by a € A; and G the filter generated by b € A,. A
proof by contradiction and the use of the prime ideal theorem shows that GNI # @.
IfxeGNLx>b, :=b;A..AD, for someb; € A,. Also,x <a, =a,V ..Va,, for
some a; € A;. Because F;s are prime filters, F, N..NF, CF, CF, CF, U..UF, .
This gives a covering of PF(£) which makes it compact. [

Lemma. If X is a Stone space, then Cl(X) is a Boolean algebra.

Proof. This follows by a tedious checking of the axioms of a Boolean algebra, using
the fact that clopenness is preserved under intersection, union and complement.

]

We now claim that PF and CI establish an equivalence, which proves the
Stone representation theorem.



Theorem (Stone Representation Theorem). The map f : B — CI(PF(B)) given
by b +— F, is an isomorphism of Boolean algebras. The map g : X — PF(CI(X))
givenbyx +— F ;.= {U € CI(X) | x € U} is a homeomorphism.

Proof. First, we notice that CI(PF(®B)) is a Boolean algebra by the above lemma,
hence a subalgebra of the power set of PF(*B). Since F, is an element of the
subbase S of 7, it is open. Since (F,)’ is also an element, F), is closed, hence clopen.

To show that f is injective, consider a # b. We want to show that F, # F,.
Eithera £ borb £ a. Usinga £ b, let G =T a be the filter generated by a and
I =] b be the ideal generated by b, so that G NI = @. Then there is a prime filter
PwithGCPandPNI =@. Hence,a€ Pandb ¢ P,soP € F,and P € F, so
that F, # F,,.

To show that f is surjective, consider C a clopen subset of PF(®B), we need to
show that C is in the image of f. Since C is open, for By, B, C ‘B,

C= |J (FRnF)= ] (PePF®)|beP,ceP)

beB,,ceB, beB,,ceB,

Since P is also an ultrafilter, c ¢ P implies ¢’ € P, and since P is closed under
meets, b A ¢’ € P. Hence,

C= U {PePF(QS)|b/\c’eP}:U{PePF(QS)|deP}:UFd

beB,ceB, deBs deB;

Since F, is open for each d, { F, | d € B, } is an open cover of C. Since C is closed
and PF(B) is compact, C is also compact. Hence, C =F; U .. UF; =F;, 4
which is in the image of f.

To see that ¢ is well-defined, for any x € X, g(x) should be a prime filter of
CI(X). Let V € CI(X) with V € g(x) and V C W. Thenx € Wand W € g(x),
hence g(x) is an up-set of CI(X).

IfU,V € g(x),thenx € Uandx € V,soxe UN V. Thus U NV € g(x) and
g(x) is a filter. Suppose U UV € g(x), thenx € U U V,so x € U or x € V, hence
g(x) is a prime filter.

Let 7, be the topology of PF(CI(X)). To check that g is continuous, it suffices
to show that the inverse image of every set in the basis of 7, is open. If A is an
element in the basis of 7,, since F is a homomorphism,

{FuyNF, | U,V eClX)}={Fyny | UV eCl(X)}
So A = F, for some W € CI(X).
gl A)={xeX|gx)eFy}={xeX | Wegx)}=W
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Since W is a clopen subset of X, the inverse image of A is open for every A in
the basis of 7;. Thus, ¢ is continuous.

To show that g is injective, let x, y € X with g(x) = g(v). Every a,b € X with
a ¢ b can be separated by open sets, because X is Hausdorff. But X also has a
basis of clopen sets, thus we can separate a4, b by clopen sets. Hence,

ﬂg(x):zﬂ{UeCZ(X)|er}g{x}

If g(x) = g(v), then (N g(x) = (N g(y), hence {x} = {y}, which implies x = y.

Lastly, we check that g is surjective. Let P € PF(CI(X)). Since P is a proper
filter, it is closed under intersection and does not contain @. It has the finite
intersection property and is compact because it is a Stone space. Hence, P has a
non-empty intersection. Let x, y € P with x # y. By separation, there is a clopen
set U with x € Uand y € X \ U. Since P is also an ultrafilter, either U € P or
X~NUeP. IfUeP,theny ¢ (P,andif X ~ U € P, thenx ¢ [ P.

So (P ={z} for some z € X and P € g(z). Since P and g(x) are both prime,
maximal filters on CI(X), P = g(z). Thus, every P € PF(CI(X)) is in the image of
g O

1.3 Heyting Duality

A Boolean algebra can be generalized to a Heyting algebra by weakening the com-
plement. We say that a” := max{b e & | b Aa =0} is the pseudo-complement
of a. We introduce an implication operation, such that a* =a — 0.

Definition (Heyting algebra). A Heyting algebra $ is a bounded, distributive
lattice with a binary implication operation —, such thatc <a — b iffa Ac < b.

Definition (Heyting space). Let (X, 7, <) be a Stone space with a partial order <
defined on X. For x,y € X withx £ v, if there is a clopen up-set U with x € U and
y ¢ U, then (X, T, <) satisfies the Priestley separation axiom. Furthermore, if for
every clopen U C X the set | U is clopen, then (X, T, <) is a Heyting space, or an
Esakia space.

Lemma. If'$) is a Heyting algebra, then (PF(%), C) is a Heyting space.

Proof. Since $) is a distributive lattice, PF($) is a Stone space and compact. Let
P,Q € PF(9) with P € Q. Then there exists a x € P with x ¢ Q, so that P € F,
but Q ¢ F,. We know that F, is clopen and an up-set of PF(9). If R € F, and
R C S, thenx € S,50S € F,. So PF($) satisfies the Priestley separation axiom.
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We need to verify that if U € PF(9) is clopen, then | U is clopen. Since U is
open, it is a union of elements in the basis of the topology of (PF($), €), which
forms an open cover. Since U is closed and PF($) is compact, U is compact, so
the open cover has a finite subcover. Thus,

Lu=t(|JF,nr)=J LENF)

i=1..n i=1..n
If we can show that | (F, NF,y) = F,_,,, thena — b € $,s0 F,_,, is clopen. Since
clopen sets are closed under finite union, we can conclude that | U is clopen.
Leta,b € H,thenaA(a — b)=aAb<b. LetP € F,NF,_,. Now, P is a filter
and an up-set,soa A (@ = b) € Pand b € P, hence P € F,. Since F,NF,_,, C F,,
F,NF,CF . ButF | isadown-set,sothat| (F,NF)CF .
Let P € F/_,, we want to show that P €| (F, N F}). Therefore, we need a
prime filter Q of  witha € Qbutb ¢ Q, and P C Q. It suffices to show that
a — b ¢ Q rather that b ¢ Q. Such a Q exists if the filter G generated by P U {a}
does not contain a — b. Suppose, towards a contradiction thata — b € G. Then
there existsany € PU {a} withy <a — b. Sincea — b ¢ P, y = a A x for some
x € P. SinceaAx <a—b,(aANx)ANa<b,oraAx < b, which means that
x <a — b. But, since x € P,a — b € P which is a contradiction!

Hence, F/_, =] (F, N Fl’)), and | U is clopen. O]

a—b

Lemma. If (X, <) is a Heyting space, then CU(X, <) is a Heyting algebra, where
Uu-v=QUunvy.

Proof. To see that implication is well-defined, we note that (| (U NV’)) isa
clopen up-set for clopen sets U and V. CU(X, <) is a bounded distributive lattice
by using the properties of the subsets of the powerset. The implication follows
the correct properties by a routine application of set-theoretic identities and de
Morgan’s laws. ]

We now establish the isomorphism to complete the Heyting duality.

Theorem (Heyting duality). The map f : $ — CU(PF(%)) given byh+— F), ==
{P € PF(®) | h €9} is an isomorphism of Heyting algebras. The map g : (X, <
) = PF(CU(X, <),C) givenbyx — {U € CU(X, <) | x € X} is an isomorphism
of Heyting spaces.

Proof. For f to be a homomorphism, we just need to check that it preserves
implication. Let h,k € $. Then f(h = k) = F,_, = (F,_) = ( (F,NF)) =
F, = F,.



Injectivity of f follows by the same argument as in the case of Stone duality.

To show that f is surjective, let U be a clopen up-set of PF($). Let P € U,
Q€ U’,then P € Q. So there exists some apg € $ such thatap, € Pandapg ¢ Q.
Hence, P € FQPQ, Qe F;PQ, and the F;PQS cover U’. Since PF(9) is compact,

uec | JE,,) =F,

i=1l..n

where ap = apg A ... Napg . Since P € F, , forallap,, we have P € F, C UL
Since U is the union of the various F, , they form an open cover of U. But U
is closed and PF($)) is compact, so U is a finite union

| F., =F

i=1..m

wherea =ap V.. Vap € 9. Hence U is in the image of f.

g is well-defined by a similar argument as in the case of Stone duality.

g preserves order because U is an up-set. If x,y € X with x <y, U € g(x)
implies x € U, hence y € U, so U € g(y) and g(x) € g(y).

Since X and PF(CU(X, <), ) are both Heyting spaces, X is compact and
PF(CU(X, <), ©) is Hausdorft, so g(X) is closed in PF(CU(X, <), €). Suppose
towards a contradiction that g is not surjective, then there is a prime filter P of
CU(X, <) with P ¢ g(X).

So, P and g(X) are closed and disjoint, and there are disjoint open sets U and
W with g(X) € U and P € W. Since W is a union of clopen sets, there is a clopen
set V disjoint with g(X) but P € V. Now, V is compact. Let V = F; N F7. for some
S, T € CU(X, <). Then,

2=¢'(V)=¢"(FsnF)=SNT’

Thus, S € T, which means V = Fc N Fy = @, so P ¢ V which is a contradiction.
Hence, ¢ is surjective.

Finally, we have to check that for every x € X and P € PF(CU(X, <), C) with
g(x) € P, thereisay € X with x <y and g(y) = P. Since g is surjective, there is a
y € X with P = g(y). Since g(x) € g(y) and g preserves order, we have x <. [

As a consequence, if $ and R are isomorphic Heyting algebras, then PF($)
and PF(8) are isomorphic Heyting spaces. If X and Y are isomorphic Heyting
spaces, then CU(X) and CU(Y') are isomorphic Heyting algebras.



1.4 Completeness of IPL

Using Heyting duality, we get a topological semantics for Intuitionistic Propo-
sitional Logic. We can use this to state a completeness theorem for IPL. To do
so, we define the Lindenbaum-Tarski algebra by quotienting out the free algebra
with the following congruence relation,

PP =(@->P)A{Y )
By using,

lell={¢Y|Feei)
we define a Heyting algebra $) as follows.

0=l L

L=l T
lollAllgll=Ilenyl
lellviygll=levill
e ll=ldll=1le—yl

It is routine to check that this indeed satisfies the axioms of a Heyting algebra.
The valuation function is defined as v(¢) =|| ¢ ||. Hence, if o(¢) = 1, we have
that = ¢ < T, and hence - @. We say that £ @ iff F(|| ¢ ||) = PF(9). By
duality, completeness follows.

Theorem (Soundness and Completeness). - @ iff E F(|| ¢ [|)

1.5 Intuitionistic completeness

The proofs of Stone and Heyting duality were carried out in classical set theory,
and make use of the Law of the Excluded Third, or Tertium Non Datur (TND) in
several places. Moreover, they rely on the use of the prime ideal theorem and the
ultrafilter lemma, which are valid theorems in ZF set theory with choice.

From the point of view of categorical logic, these theorems are valid in the
internal logic of a boolean, well-pointed topos, where epis split. They will not
hold in any general topos, for example, a presheaf topos where choice fails.
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It is not possible to prove a strong completeness theorem for Intuitionistic
propositional logic using an intuitionistic metatheory, as shown in McCarty et al.
[1991].
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